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Abstract
Originally proposed as a tool for teaching the general theory of relativity, wormholes are today approached
in many different ways and are seeing as an efficient alternative for interstellar and time travel. Attempts
to achieve observational signatures of wormholes have been growing as the subject has became more and
more popular. In this article we investigate some f(R, T ) theoretical predictions for static wormholes, i.e.,
wormholes whose throat radius can be considered a constant. Since the T -dependence in f(R, T ) gravity is
due to the consideration of quantum effects, a further investigation of wormholes in such a theory is well
motivated. We obtain the energy conditions of static wormholes in f(R, T ) gravity and apply an analytical
approach to find the solutions. We highlight that our results are in agreement with previous solutions
presented in the literature.
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I. INTRODUCTION
Wormholes (WHs) are known to provide a conceivable method for rapid interstellar travel. They
connect two distant regions of the Universe and are a solution for the Einstein’s field equations of
General Relativity (GR). The structure of a WH is tube-like, asymptotically flat from both sides.
Depending on its theoretical construction, the radius of the WH’s throat can be considered either
constant, namely static WHs (SWHs), or variable, namely non-static or cosmological WHs.
In GR, traversable WHs can exist only in the presence of exotic matter, that violates the null
energy condition (NEC) [1]. On the other hand, if alternative theories of gravity are capable
of describing the WH geometry, they achieve this without necessarily invoking exotic matter.
Such a description was made in f(R) gravity theories [2–8]. Other theories of gravity have also
described the (non-exotic) matter content and geometry of WHs, such as Mimetic gravity [9],
Eddington-Inspired Born-Infeld gravity [10–12], Dvali-Gabadadze-Porrati braneworld model [13]
and Gauss-Bonnet theory [14–16], among many others.
In 2011, T. Harko and collaborators proposed an extension of the f(R) theories, by inserting
in the gravitational action of the model not only a general dependence on the Ricci scalar R, but
also on the trace of the energy-momentum tensor T , namely the f(R, T ) gravity [17]. Such an
alternative gravity theory has been tested in areas such as Cosmology [18–27], Thermodynamics
[28–31], Astrophysics of compact objects [32–36] and gravitational waves [37]. Despite these efforts,
the information content of WHs in f(R, T ) theories is still poor. In fact, a particular case of the WH
geometry, in which its redshift function ϕ does not depend on time nor on the spatial coordinates,
was studied in [38, 39]. Since the dependence on T in the f(R, T ) gravity arises as a consequence
of the consideration of quantum effects, it might be interesting to further investigate WHs in such
a theory.
Although no observational evidences of WHs have been found so far, recently some important
contributions on this regard were proposed. For instance, the existence of WHs in the galactic
halo regions was discussed in [40]. It was shown that the space-time of a galactic halo may be
described by a traversable WH geometry, fitting with its observed flat galactic rotation curve.
Further investigating such an issue, it was shown that the detection of these WHs is a distinct
possibility by means of gravitational lensing [41]. This possibility was analyzed also in [42].
It is known that supermassive black hole candidates at the center of most galaxies might be
WHs created in the early Universe. A method for distinguishing between black holes and WHs
with orbiting hot spots was presented in [43] and by their Einstein-ring systems in [44].
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Specific signatures in the electromagnetic spectrum were obtained for thin accretion disks sur-
rounding static spherically symmetric WHs in [45–47], leading to the possibility of distinguishing
WH geometries by using astrophysical observations of such emission spectra. Other proposals for
finding WH astrophysical signatures can be appreciated in [48–51].
With continuous advances in what concerns WH detection attempts, it is worth to collect further
predictions of their matter-geometry content. That is the purpose of the present article, in which
such a collection will be made from the f(R, T ) theory of gravity perspective.
The paper is organized as follows: in Section II we present a brief review of the f(R, T ) for-
malism. In Section III, we present the Morris-Thorne metric, usually assigned for the geometry
of WHs. We also show some conditions that must be obeyed by the metric potentials of the WH
geometry. In Section IV, we develop the field equations for the SWH metric in the f(R, T ) gravity
theory. We present the correspondent energy conditions and obtain solutions for the WH physical
and geometrical parameters. Our results are discussed in Section V.
II. THE f(R, T ) GRAVITY
The f(R, T ) theory of gravity considers its gravitational action to be dependent on a general
function of both R and T . The T -dependence is motivated by the consideration of quantum effects
(conformal anomaly). The f(R, T ) action reads
S =
∫ [
f(R, T )
16pi
+ Lm
]√−gd4x. (1)
In (1), f(R, T ) is the general function of R and T , Lm is the matter lagrangian density, g is the
determinant of the metric gµν and the system of units here adopted is such that c = 1 = G.
The matter lagrangian density above contains informations about the matter fields of the model.
Here, it will be assumed Lm = −P, with P being the total pressure. Since the WH matter content
is being considered here, the energy-momentum tensor of an anisotropic fluid, such as [1]
Tµν = (ρ+ pt)uµuν + ptgµν + (pr − pt)χµχν , (2)
will be taken into account. In (2), ρ is the matter-energy density, pr and pt are, respectively, the
radial pressure measured in the direction of χµ and transverse pressure measured in the direction
orthogonal to χµ, with χµ being some space-like vector orthogonal to the 4-velocity uµ.
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The field equations of the theory are obtained by varying the action with respect to gµν and
read
fR(R, T )Rµν − 1
2
f(R, T )gµν + (gµν−∇µ∇ν)fR(R, T ) = 8piTµν + fT (R, T )(Tµν + Pgµν). (3)
In (3), fR(R, T ) ≡ ∂f(R, T )/∂R, Rµν is the Ricci tensor,  is the D’Alambert operator, ∇µ is the
covariant derivative, fT (R, T ) ≡ ∂f(R, T )/∂T and P = (pr + 2pt)/3 is the total pressure.
From (3), the covariant derivative of the energy-momentum tensor reads
∇µTµν = − fT (R, T )
fT (R, T ) + 8pi
[
(Tµν + Pgµν)∇µ ln fT (R, T ) + 1
2
gµν∇µ(ρ− P)
]
, (4)
in which it was already considered T = ρ− 3P.
In order to construct exact WH solutions in f(R, T ) theory, it will be necessary to consider
a specific form for the function f(R, T ) to be substituted in (3)-(4). Here it will be assumed
f(R, T ) = R+ 2f(T ), with f(T ) = λT and λ a constant. Such a functional form was proposed by
the f(R, T ) gravity authors themselves [17] and since then it has been broadly applied in f(R, T )
models. Moreover, it benefits from the fact that GR is recovered by simply making λ = 0. Such
an assumption yields, for (3)-(4), the following
Gµν = 8piTµν + 2λ[Tµν + (ρ− P)gµν ], (5)
∇µTµν =
(
λ
2λ+ 8pi
)
gµν∇µ(P − ρ), (6)
with Gµν being the usual Einstein tensor.
III. THE STATIC WORMHOLE METRIC
The Morris-Thorne metric, which can describe the geometry of a SWH, is given by [1]
ds2 = e2ϕ(r)dt2 −
[
1− b(r)
r
]−1
dr2 − r2(dθ2 + sin2θdφ2). (7)
In (7), ϕ(r) is the redshift function and b(r) is the shape function.
The radial coordinate in a WH needs to non-monotonically decrease from infinity to a minimal
value r0 at the throat, where b(r0) = r0, and then increase to infinity.
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Furthermore, the metric potential ϕ(r) must be finite everywhere in order to the WH be
traversable. The other metric potential, b(r), needs to obey the following conditions [1]
1− b
r
> 0, (8)
b− b′r
b2
> 0, (9)
with primes denoting radial derivatives. Moreover, at the throat, the condition b′(r0) < 1 is
imposed in order to have WH solutions.
IV. STATIC WORMHOLES IN f(R, T ) GRAVITY
In order to start constructing the f(R, T ) gravity SWH, let us begin by developing Eq.(5) for
metric (7). We, then, have
b′
r2
= 8piρ+ 2λ
(
2ρ− pr + 2pt
3
)
, (10)
1
r
[
b
r2
+ 2ϕ′
(
b
r
− 1
)]
= −8pipr + 2λ
[
ρ− 2
3
(2pr + pt)
]
, (11)
1
2r
[
1
r
(
ϕ′b+ b′ − b
r
)
+ 2(ϕ′′ + ϕ′2)b− ϕ′(2− b′)
]
− (ϕ′′ + ϕ′2) = −8pipt + 2λ
(
ρ− pr + 5pt
3
)
.
(12)
Also, from Eqs.(6)-(7), one can show that
p′r + ϕ
′(ρ+ pr) =
λ
2λ+ 8pi
(
ρ′ − p
′
r + 2p
′
t
3
)
. (13)
The advantage of constructing WHs in an alternative gravity theory, such as the f(R, T ) gravity,
is the fact that the extra terms of its field equations (when compared to GR field equations) can
provide the WH obedience of the energy conditions. In other words, with the presence of the extra
terms, it is unnecessary to invoke exotic fluids to permeate the WH in a modified theory of gravity,
departing from the GR case. Below we will investigate the f(R, T ) gravity WHs under some energy
conditions.
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Let us start by analysing the f(R, T ) SWH from the NEC perspective. The NEC reads
T effµν uµuν ≥ 0 [1], with T effµν the effective energy-momentum tensor and uµ being some null vector.
This can be rewritten as ρeff + peff ≥ 0. In [52], some f(R, T ) models were tested from energy
conditions. It was shown that in f(R, T ) gravity,
ρeff = ρ+ f(T ) + 2ρfT (T ), (14)
peff = −f(T ), (15)
with fT (T ) ≡ df(T )/dT . From (14)-(15), the NEC yields λ ≤ −1/2, which is in accordance with
some previous calculations [38].
Before checking the weak energy condition (WEC) of WHs in f(R, T ) gravity, we note that
Eqs.(10)-(13) have a non-linear character. Besides that, they are coupled equations. It might be
important to remark that the presence of nonlinearity is not surprising, given that such a behavior
is found in a wide range of areas of Physics [53–61]. Because of the nonlinearity, we are led to ask
if the problem can be analytically resolved. We show below that, indeed, it is possible to obtain
an interesting class of analytical solutions for the material quantities and geometrical parameters
of the f(R, T ) gravity SWH.
Thus, in order to find analytical solutions, it is both useful and natural to use an equation of
state (EoS), i.e., a relation between pressure and matter-energy density. Here, we will apply the
following EoS
pr = αr +Arρ, (16)
pt = βt +Btρ, (17)
where αr, Ar, βt and Bt are constants, which will be further defined in the text. The same sort of
EoS was already applied to another WH studies, such as [7, 38, 39, 75], among others. Note that
αr and βt can be viewed as specifying translation effects, while Ar and Br are related to dilation
effects. The translation in both radial and transverse pressure structures is a symmetry operation,
in the sense that the structures remain the same when observed from a starting point or from this
point shifted by the translation constants. Moreover, the dilation effects can give rise to some kind
of amplification or compactification in the pressure structures.
Now, using Eqs.(16)-(17) into Eq.(10), we get
b′
r2
=
[
8pi + 4λ− 2λ
3
(Ar + 2Bt)
]
ρ− 2λ
3
(αr + 2βt) . (18)
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In order to eliminate the dependence on ρ in the equation above, we impose that
8pi + 4λ− 2λ
3
(Ar + 2Bt) = 0 (19)
and obtain the following solution for Eq.(18)
b(r) = b0 − c0r3, (20)
where b0 is an arbitrary constant of integration, which for the sake of simplicity we take as null.
Moreover, we are using the definition
c0 ≡ 2λ
9
(αr + 2βt) . (21)
In possession of solution (20) and making use of Eqs.(16)-(17), we can rewrite Eq.(11) in the
form
2c0ϕ
′(r2 − r) = c0 −
[
8
(
pi +
λ
3
)
αr +
4λ
3
βt
]
−
[
8
(
pi +
λ
3
)
Ar − 2λ+ 4λ
3
Bt
]
ρ. (22)
Again, we will remove the dependence on ρ. This is achieved by setting
8
(
pi +
λ
3
)
Ar − 2λ+ 4λ
3
Bt = 0. (23)
Consequently, we obtain the corresponding solution for the redshift function
ϕ(r) = ϕ0 + Γ0 ln
[
R0 (r − 1)
r
]
, (24)
where ϕ0 is an arbitrary constant of integration and R0 = r0/(r0 − 1). Furthermore, Γ0 is defined
as
Γ0 ≡ 1
2
− 2
c0
[
2
(
pi +
λ
3
)
αr +
λ
3
βt
]
. (25)
At this point, it is important to remark that by choosing αr = 0 and βt = 0 we can recover
some particular cases obtained in the literature, where the redshift function ϕ(r) = ϕ0 = constant.
Note that the Eqs.(19) and (23) define a linear system with two unknowns: Ar and Bt. From
such a system of equations, we obtain the following solutions
A˜r = 6 (2pi + λ) +
λ2 − 8 (λ+ 3pi) (λ+ 2pi)
3pi
, (26)
B˜t =
8 (3pi + λ) (2pi + λ)− λ2
6pi
. (27)
where A˜r ≡ λAr and B˜t ≡ λBt.
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To find the matter-energy density ρ of the SWH, we insert the solutions for b(r) and ϕ(r) and
also the relations (16) and (17) into Eq.(12). After straightforward mathematical manipulations
we find
ρ(r) =
[3(c0 − 8piβt)− 2λ(αr + 5βt)] r2(r − 1)2 − 3Γ0r(1 + c0r) + 3Γ20(1 + c0r)2
2r2(r2 − 1)2 [12piBt + λ (Ar + 5Bt − 3)] . (28)
Now, let us use Eq.(13) to determine the constraints between αr and βt. By applying Eqs.(20),
(24) and (28) into Eq.(13), we get
4∑
j=0
Hj(αr, βt)rn = 0, (29)
where Hj(αr, βt) are coefficients given by
H0(αr, βt) = 48ArpiΓ20 + 24piΓ30 + 24ArpiΓ30 + 14ArΓ20λ+ 4BtΓ20λ+ 6Γ30λ+ 6ArΓ30λ, (30)
H1(αr, βt) = −24ArpiΓ0 − 24piΓ20 − 120ArpiΓ20 − 7ArΓ0λ− 2BtΓ0λ− 6Γ20λ− 34ArΓ20λ− 8BtΓ20λ,
(31)
H2(αr, βt) = 72ArpiΓ0 + 24c0piΓ0 + 24Arc0piΓ0 + 192Btpi2αrΓ0 − 192pi2βtΓ0 − 192Arpi2βtΓ0
−24c0piΓ20 − 24Arc0piΓ20 + 24c0piΓ30 + 24Arc0piΓ30 + 21ArΓ0λ+ 6BtΓ0λ+ 6c0Γ0λ+ 6Arc0Γ0λ
−64piαrΓ0λ+ 128BtpiαrΓ0λ− 128piβtΓ0λ− 128ArpiβtΓ0λ− 6c0Γ20λ− 6Arc0Γ20λ+ 6c0Γ30λ
+6Arc0Γ
3
0λ− 16αrΓ0λ2 + 20BtαrΓ0λ2 − 20βtΓ0λ2 − 20ArβtΓ0λ2, (32)
H3(αr, βt) = −48c0piΓ0 − 384Btpi2αrΓ0 + 384pi2βtΓ0 + 384Arpi2βtΓ0 − 48Arc0piΓ20 − 12c0Γ0λ
+2Arc0Γ0λ+ 4Btc0Γ0λ+ 128piαrΓ0λ− 256BtpiαrΓ0λ+ 256piβtΓ0λ+ 256ArpiβtΓ0λ− 14Arc0Γ20λ
−4Btc0Γ20λ+ 32αrΓ0λ2 − 40BtαrΓ0λ2 + 40βtΓ0λ2 + 40ArβtΓ0λ2, (33)
H4(αr, βt) = 24c0piΓ0 + 24Arc0piΓ0 + 192Btpi2αrΓ0 − 192pi2βtΓ0− 192Arpi2βtΓ0 + 6c0Γ0λ+ 6Arc0Γ0λ
−64piαrΓ0λ+ 128BtpiαrΓ0λ− 128piβtΓ0λ− 128ArpiβtΓ0λ− 16αrΓ0λ2 + 20BtαrΓ0λ2
−20βtΓ0λ2 − 20ArβtΓ0λ2. (34)
As we can see, Eq.(29) shows that all coefficients must be null in order to satisfy the identity. This
restriction gives us the constraint
αr = − 4βtλ
36pi + 11λ
. (35)
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Now we can analyze the WEC for the SWHs in f(R, T ) gravity. It reads
ρ+ pr ≥ 0, (36)
ρ+ pt ≥ 0. (37)
By using (16) and making λ = −1/2, from NEC, the first criteria (36) yields ρ+ αr +Arρ ≥ 0. In
Figure 1 below we present the regions in which such an inequality is satisfied.
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FIG. 1: Validity of WEC. z = ρ+ αr + Arρ and λ = −1/2. The dark region is for positive values of z and
the clear region, for negative values of z.
Now considering the second criteria (37), using (17) we obtain ρ+ βt + Btρ ≥ 0. In Figure IV
we show the validity regions of such a condition.
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FIG. 2: Validity of WEC. z = ρ + βt + Btρ and λ = −1/2. The dark region is for positive values of z and
the clear region, for negative values of z.
V. DISCUSSION
We have approached SWHs from the f(R, T ) theory of gravity perspective. Because of the
recent development of such a gravitational model, a further and careful investigation of WHs in
this theory was still missing. That is not the case for many other alternatives theories of gravity.
Besides the references in the Introduction, WHs have already been studied in Chaplygin gas models
[62], Brans-Dicke theory of gravitation [63, 64], Palatini f(R) gravity [65, 66] and f(T ) gravity
(with T the torsion scalar) [67], among others. Even WHs in the presence of a cosmological
constant have already been constructed [68, 69].
In a sense, the work we have presented here can be generalized in two forms: 1) by allowing
the WH throat radius to vary with time and 2) by assuming an f(R, T ) functional form which
describes a non-minimal matter-geometry coupling, such as f(R, T ) = R+f1(R)f2(T ), with f1(R)
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and f2(T ) being functions of R and T , respectively. Certainly the two proposals above could be
considered in the same model, to yield more general solutions. The consideration of the proposal
#2 in a further work can be compared with some predictions already obtained for matter-geometry
coupling models others than f(R, T ) gravity [70, 71].
For now, let us analyse our results. We have obtained for the redshift function a solution like
ϕ(r) ∼ ln(1/r). The same r-dependence for ϕ(r) was firstly obtained by Morris and Thorne in
[1]. The same reference also presents for a SWH with exotic matter limited to the throat vicinity
a density ρ ∼ 1/r2 as our solution (28). Withal, the same originally proposed SWH presents as a
solution for the shape function b(r) ∼ r3 for RS ≤ r ≤ RS + ∆R, with RS being the Schwarzchild
radius of the WH and ∆R = RS/100 [1]. The same proportionality can be appreciated in our
solution (20).
Some few years after the discovery that a cosmological constant is capable of describing the low
brightness of Type Ia Supernovae [72, 73], J.P.S. Lemos et al. have investigated Morris-Thorne
WHs in the presence of a cosmological constant [69]. For ϕ(r) and b(r), the authors have also
obtained the radial proportionality we have here obtained, i.e., ln(1/r) and r3, respectively. The
argumentation is not quite surprising for the following reason. The f(R, T ) gravity authors have
shown that the f(R, T ) = R+ 2λT cosmological model can be interpreted as a cosmological model
with an effective cosmological constant [17]. In this way, by interpreting our model through this
approach, it is, somehow, expected to obtain the same features as in [69].
Here it is worth emphasizing that departing from many works in the literature (check [38, 39]
for f(R, T ) gravity applications and [74–76], among many others, for other gravitational models),
our solutions have been obtained by considering a varying redshift function, i.e., ϕ′(r) 6= 0.
Not only our solutions were obtained for a variable redshift function, they have also been
obtained with no assumptions for b(r), departing from [9, 39, 75, 77, 78], among many others.
Anyhow, our solutions for ϕ(r) and b(r) respect the requirements presented in Section III.
About the energy conditions application, the NEC and WEC are respected for a wide range of
values of the quantities involved. Such a respectability makes unnecessary to invoke the existence
of exotic matter for the WH we have constructed.
Finally, we would like to remark that our calculations have been done through a direct and exact
construction. We have obtained a complete set of analytical solutions, departing, for instance,
from [39], in which numerical solutions were obtained. An important consequence of our analytical
approach is the fact that the same method can be applied in similar scenarios for another alternative
gravity theories.
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